
THE JOINING PROBLEM OF NONSTEADY HEAT 

TRANSFER IN A THICK-WALLED CHANNEL 

K. M. S h l y a k h t i n a  UDC 536.244 

We present  an analytical solution for the problem of nonsteady heat t r ans fe r  in the motion of 
a hot gas in a flat channel with walls of semiinfinite thickness.  

In studying the flow of a hot gas in a channel we are confronted with the problem of determining the 
tempera ture  field within the channel wall and the related heat losses f rom the gas moving through the chan- 
nel. This problem reduces  to the simultaneous solution of the two-dimensional  equation of nonsteady heat 
conduction and the equation which gives the change in the enthalpy of the gas. Problems of this type - r e -  
fe r red  to as joining problems - have been studied in detail in [1, 2], in their  application to the s teady-sta te  
case. 

in a number of pract ical  cases  we should take into considerat ion the thermal  nonsteadiness,  since con- 
s iderat ion of the s tudy-s ta te  problem does not yield sa t i s fac tory  resul ts .  

Solution of such a problem in genera[ formulat ion is possible with numerical  methods and the use of 
a digital computer .  The numerical  solution calls for considerable expenditure of t ime and provides no op- 
portunity of an operative analysis  of the effect of changes in the original pa ramete r s  on the final result .  A 
number of approximation methods have therefore  been developed for the solution of this kind of problem, 
and these make it possible - given cer ta in  assumptions - to achieve an analytical solution. The s implif ica-  
tions usually reduce ei ther  to the assumption [3] that the channel wall is heated uniformly through the thick- 
ness (whether for a flat channel or one of c i rcu la r  c ross  section) or to the assumption [4] that the 5/R r a -  
dius is small  (for the c i rcu la r  channel), thus making it possible to limit ourselves  to the second t e rm in the 
ser ies  for the Laplace t r ans fo rms .  Such simplifications do not always correspond to the physical conditions 
of the problem. When the channel walt is ve ry  thick, we must take into account the tempera ture  profile with- 
in the walt, and this leads to the need for a numerical  solution. 

q~o 5o foo /50 x/h 
Fig. 1. Tempera tu re  distr ibution for  the gas 
along the channel at a fixed instant of t ime 
(t =30 see): 1) 5 =3 mm; 2) 5; 3) 10; 4) 20; 
5) semiinfinite wall. 

Zhdanov State University, Leningrad. 
5, pp. 866-871, May, 1969. 

Below we propose the t reatment  of a thick wall as 
a semiinfinite wall. The problem can then be formulated 
in the following manner.  A gas with a constant t empera -  
ture at the channel inlet is flowing at a constant velocity 
through a fiat channel whose width is 2h and whose walls 
are  semiinfinite in thickness,  We can neglect the longitu- 
dinal conduction of heat because it is small  in comparison 
with the t ransverse .  The coefficient of convection heat 
t r ans fe r  along the channel is assumed to be constant. 

The sys tem of equations in this case has the follow- 
ing form: 

80(x, t) --~w 80(x, t) _ a [0(x, t ) - - T ( x ,  O, t)], (1) 
8t c3x cvpgh 

OT (x, g, t) 02T (x, g, t) 
- - a  

0t Oy ~ 
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F ig .  2. T i m e  v a r i a t i o n  in gas t e m p e r a t u r e  (a) and in wa l l -  
su r f ace  t e m p e r a t u r e  (b) at a fixed sec t ion  of the tube (x/h 
= 100): 1-5) see Fig .  1. 

with the fol lowing initial and b o u n d a r y  condi t ions :  

t = 0  0 = T = T  0, 

t > O  x=O,  0 = 0  o, 

~ --ogOT ~ = o = - - ~  [0 (x, t) - -  T (x, 0, t)] ,  

OT' ~-y ,v=~ = 0 '  

(2) 

We in t roduce  the d i m e n s i o n l e s s  v a r i a b l e s  

{i(x, t ) _  o (x, t ) -  To., ~(x, y, t )=  r(x, ~, t ) -  To (3) 
Oo - -  To Oo - -  To 

The f o r m  of Eqs.  (1) thus r e m a i n s  as  be fo re  (the b a r  o v e r  the d i m e n s i o n l e s s  va r i ab le s  is dropped) ,  and the 
bounda ry  condi t ions  a re  wr i t t en  as  fol lows:  

t =0  0 = T =0 ,  

t ~ O  x=O,  0 = I ,  

aToy__ ~=0= - - ~  [0 - -  r (x, 0, t)], (4) 

~ = o. 
@ I~--| 

Using the Laplace  t r a n s f o r m s  

01 = s ,i0 exp (--  st) dt, 
o 

T t = s  ~ Texp(--st)  dt, 
6' 

we de r ive  the s y s t e m  of equa t ions  fo r  the images  

OZT~ 
a = s T 1 ,  

s0, + w d0~ k [ 0 , -  T: (x, 0)], 
dx 

dT 1 ' 
~=0=  - u [02 - -  r~(x ,  0)] ,  dg 

dTldg ~=~ = 0' 0,1x=o=l, 

where  k = a/epOg; H = a / ~ ,  and whose  solut ion has the f o r m  

(5) 
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T A B L E  1 Values  of the F i r s t  T e r m s  in Ser ies  (9) 

t,see 1st term 2nd term 3rd term 4th term 

1 

3 

10 
3 

1" 
1 

1 

1 

0,014610 
0,031538 
0,043457 
0,070662 

0,000085 
0,000398 

0,000761 
0,002043 

0,000000 
0,000003 
0,000008 
0,000033 

s (6) + f l  ~- + f l  

To find the Lap lace  r e c o n v e r s i o n s ,  let  us examine  the expansion of the funct ion F(s) in s e r i e s :  

s w / - ~ -  
+1 I /  +l  

With a smal l  va lue  fo r  t i m e  (s ~ )  this s e r i e s  c o n v e r g e s  r a t h e r  rap id ly  as a consequence  of the mul t ip l i e r  
1/6fs/eH 2 + 1) independent ly  of the va lue  of kw/w (kw/w is f inite) .  In the mos t  i n t e r e s t i ng  ease  in which 
t ime  is not  sma l l ,  this  mul t ip l i e r  is c lo se  to 1. Consequent ly ,  s e r i e s  (7) will  c o n v e r g e  rap id ly  only when 
kx /w  < 1. Conver t ing  the mul t ip l i e r  kx /w  to c l e a r e r  f o r m ,  we obtain 

kx _st ~ = s t  ~ 
w h h l (8) 

When St(//h) < I s e r i e s  (7) c o n v e r g e s  rap id ly  even in the w o r s t  l imi t  c a s e  (s ~ 0). W e  can the l imi t  o u r -  
s e lve s  to s e v e r a l  of the  f i r s t  t e r m s  in s e r i e s  (7) and we can  find the Lap lace  r e c o n v e r s i o n s  f o r  the funct ion 
F(s) .  

I t  should be noted that  the a b o v e - c i t e d  condi t ion is capab le  of s a t i s f ac t ion  o v e r  a r a t h e r  b r o a d  range  
of va r i a t i on  in the phys ica l  p a r a m e t e r s .  

We wil l  u se  the t h e o r e m s  of opera t iona l  ca lcu lus  so  that  the f o r m u l a s  f o r  the gas t e m p e r a t u r e  in the 
channel  and the t e m p e r a t u r e  of the wal l  can  f inal ly  be wr i t t en  in the f o r m  

0,x, t ) = e x p  ( - - S t ~ ) { ~ l  ( t - - x : ) - } - S t ~  [ 1 - - e x p  [atl2(t--~)] 

+(2Hea(t--~)--l)erfc [HVa(t--X)Jexp[HZa(t--X)] (9) 

_ 1 ( S i _ _ x ~ s / y f t  _ " 

X e r i c ( / /  V/-a(t----~))-~- 2H Va(t---~) [H'a (t - x'  oj-]l+...}, 
T (x, g, t) = O (x, ~) {H ~ (t--- "c) exp 4a (t - -  ~) 

5' 

w h e r e  

606 



X 
O, t<- - ,  

W X 
1, t> /  - - .  

The  n u m e r i c a l  c a l c u l a t i o n s  show tha t  f o r  an a p p r o x i m a t e  e v a l u a t i o n  of the  hea t  l o s s e s  on the p a r t  of the 
gas  we can  use  (9) in the  f o r m  

O(x, t)=exp (_St~X~ {~l(t_ x-)@St x [1--exp [aH2 (t--~)3 erfc [H y/a(t_~-)] j}, (11) 

and h e r e  the  e r r o r  does  not e x c e e d  5-7%, which is fu l ly  a c c e p t a b l e  f o r  e n g i n e e r i n g  c a l c u l a t i o n s .  

It is  e a s y  to d e m o n s t r a t e  tha t  at a c o n s t a n t  gas  t e m p e r a t u r e  so lu t ion  (10) r e d u c e s  to the  f a m i l i a r  s o l u -  
t ion  of the p r o b l e m  of n o n s t e a d y  hea t  conduc t ion  f o r  a s e m i i n f i n i t e  wa l l  with b o u n d a r y  cond i t i ons  of the  t h i r d  
kind.  As an e x a m p l e ,  we c a l c u l a t e d  the  t e m p e r a t u r e  d i s t r i b u t i o n  fo r  the  gas  a long  a f l a t  channe l ,  as  we l l  as  
the t e m p e r a t u r e  p r o f i l e  in a wa l l ,  wi th  the  fo l lowing  in i t i a l  da ta :  

St = 0.002; H == 10 m-l; lib = 200; a = 0.04 rn~/h. (12) 

F o r  p u r p o s e s  of c o m p a r i s o n  we p r e s e n t  the  c a l c u l a t i o n  r e s u l t s  fo r  t h e s e  s a m e  p a r a m e t e r s  u n d e r  i d e n t i c a l  
h e a t i n g  cond i t i ons  in the a s s u m p t i o n  of a u n i f o r m  t e m p e r a t u r e  p r o f i l e  in the wal l .  As is we l l  known, in th i s  
c a s e  t h e s e  quan t i t i e s  a r e  d e t e r m i n e d  by  the  fo l lowing  f o r m u l a s :  

h 6 6 F /  x 0 " H aT  ~-st T 
t 

0 

(13) 

The c a l c u l a t i o n  was  p e r f o r m e d  f o r  w a l l s  with t h i c k n e s s e s  of 6 = 3, 5, 10, and 20 ram.  The r e s u l t s  of the  
g a s - t e m p e r a t u r e  c a l c u l a t i o n  and those  of the  w a l l - s u r f a c e  t e m p e r a t u r e  a r e  shown in F i g s .  1 and 2. 

As was  to be  e x p e c t e d ,  wi th  a s u f f i c i e n t l y  th in  wa l l  (6 = 3 and 5ram) the hea t  l o s s e s  f r o m  the gas  in 
the  channe l  a r e  l o w e r  than in the c a s e  of a s e m i i n f i n i t e  wal l .  However ,  in t h i s  e x a m p l e ,  even  with  6 = 20 
ram,  the  a s s u m p t i o n  of u n i f o r m  h e a t i n g  y i e l d s  an u n d e r s t a t e d  va lue  f o r  the  gas  t e m p e r a t u r e .  It is  c l e a r  tha t  
fo r  any r e a l  wa l l  (of f in i t e  t h i c k n e s s )  th i s  t e m p e r a t u r e  m u s t  be h i g h e r  than  in a channe l  with s e m t i n f i n i t e  
w a l l s ,  so that  c o n s e q u e n t l y  the  a s s u m p t i o n  of u n i f o r m  h e a t i n g  fo r  a r a t h e r  t h i c k  wa l l  w i l l  y i e l d  c l e a r l y  u n d e r -  
s t a t ed  r e s u l t s .  

In th i s  e x a m p l e  of c a l c u l a t i o n  the p a r a m e t e r  St( l /h)  is  equal  to 0.4. He re ,  l i m i t i n g  o u r s e l v e s  to the  
f i r s t  t e r m s  of the  s e r i e s  in e x p a n s i o n  (7) l e a d s  to a v e r y  s l igh t  e r r o r .  F o r  c l a r i t y ,  Tab le  1 g ives  the v a l u e s  
of the f i r s t  f ou r  t e r m s  of the  s e r i e s  at  v a r i o u s  i n s t a n t s  of t i m e  fo r  x / h  = 200. 

0 (x, t) 
T(x,  y, t) 

}t, a 

w, p, Cp 
O~ 

h 
l 
St 
X 

y 

5 

N O T A T I O N  

is the gas  t e m p e r a t u r e  at  the  point  with the  c o o r d i n a t e  x at  the  ins t an t  of t i m e  t; 
is  the  wa l l  t e m p e r a t u r e  at the  point  wi th  the  c o o r d i n a t e s  x and y at  the  ins tan t  of t i m e  t; 
a r e  the  c o e f f i c i e n t s  of t h e r m a l  c o n d u c t i v i t y  and t h e r m a l  d f f fu s iv i ty  f o r  the wa l l  m a t e r i a l ;  
a r e ,  r e s p e c t i v e l y ,  the  v e l o c i t y ,  the  d e n s i t y ,  and the  hea t  c a p a c i t y  of the  gas;  
i s  the  c o e f f i c i e n t  of hea t  t r a n s f e r  be tw e e n  the gas  and the wal l ;  
is  the  h a l f - w i d t h  of the  channel ;  
is  the  channe l  length;  
is  the  Stanton number ;  
is  the  l ong i tud ina l  c o o r d i n a t e ;  
is  the c o o r d i n a t e  n o r m a l  to  the  s u r f a c e  of the  wal l ;  
i s  the  wal l  t h i c k n e s s .  
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